I Control System

Time Response Analysis

Content

» Review of Last Lecture.
» Time response specification.
» Steady state analysis.

» Steady state error constant.




Learning Objectives

» Know the various time response
specifications.

» Steady state error for various signals.

» Relation between steady state error
and type of system.

Time Response Specifications
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Time Response Specifications

Delay Time (t,):
» It is time required for the response to reach 50%
of the final value in the first attempt.

1+0.7
la = g
a)n
Peak Time (tp):
» It is time required for the response of system to
reach to first peak. 0 = 42

ad

Time Response Specifications

Rise Time (tr):

» It Is time required for the response to rise from
10% to 90% of the final value for overdamped
system.

» Itis O to 100% for under damped systems.
_z-p

aDd PR |
[ = tan =
where, S

and @i = wn\J1—E?

tr _
2




Time Response Specifications
Peak Overshoot (Mp):

» Maximum overshoot is the maximum peak value
of the response curve measured from unity. It is
therefore largest error between input and output
during transient period. L

%Mp=€ \/E XIOO

Settling Time (ts):

» It is time required for the response curve to reach
and stay within a specified percentage (usually

2% or 5%) of the final value. 4
Ts‘ - 4T =
Ewn

Example 1

A unity feedback system has
16

G(s)=
(s) s(s+5)

If a step input is given calculate
1. Damping Ratio
2. Overshoot
3. Settling Time

16
s(s+5)

Solution: G(s)= H(s)=1
Determine the closed loop transfer function
16
_(s) (& . s(s+5) 16

R(s) 1+ GH 14 16 sT+5S5s+16

s(s +5)




Example 1 Cont..

Compare closed loop TF with standard form of second order system

con” 16

2

5% + 2&wns + n”> s?+5s+16

Compare denominators of both
Natural Frequency;

~

an”- =16 Soom=4 rad/ sec

Damping Ratio;

2&wns =Ss g = = > 0.625

B 2 X On B 2x4

Settling Time;
4 4
&eon (0.625)=<(4)

T =1.6 sec

Example 1 Cont..

Overshoot

(==
%Mp = e o =< 100
(0.625) 7
- 1-(0.625)2 :
%Mp = e < 100

Go M, = 8.08%




Example 2

A unity feedback system has

100
Ge)= s(s+5)
If it is subjected to unit step input determine;
1. Damped frequency of oscillations
2. Time for first overshoot
3. Settling Time
4. Maximum Peak Overshoot

Example 2 Cont..

100

Solution: G(s)= H(s)=1
(s) s(s+5) (=)
Determine the closed loop transfer function
100
C(s) G _ s(s+5) 100
R(s) 1+ GFH 1 4+ 100 s7 + 55 +100
s(s +5)
Compare closed loop TF with standard form of second order system
on” o 100
.§'2 -+ 25{()1:.5‘ - (0”2 ."2 -+ 5.5‘ -+ l ()()

Compare denominators of both
Natural Frequency;
@»” =100 con =10 rad /sec




Example 2 Cont..

Damping Ratio;

5 5
256()11.? =55 .la é

= = =0.25
2 X (n 2x10

Damped frequency of oscillations;

Wa = Onfl—&E? - wa =10,/1-(0.25)*> =9.68 rad / sec

Time for first overshoot (Peak Time);

g 0w @8 ueppanyg gaw
9.68

O

Settling Time;
4 4

—] — 1.6 sSeC
Eewon (0.25)=<(10)

Ts = 4T s

Example 2 Cont..

Maximum Peak Overshoot

—(—=E—)

YoM, = e =<7 %< 100

o (0.25)7x

—,}
YoM, = e V'O 100

%Mj} . 44.48%




Example 3

For the unity feedback control system having open loop transfer function

G(s)= —L
s(s+4)
Determine;
1. Delay Time
2. RiseTime
3. Peak Time
4. Settling Time
5. Maximum Peak Overshoot

Example 3 Cont..

10

Solution: G(s)= PR H(s)=1
Determine the closed loop transfer function
10
C(s) e . s(s+4) 10
R(s) 1+GH 10  s2 4+ 45+ 10
s(s +4)
Compare closed loop TF with standard form of second order system
con’ 10
57 4 2E s + con” T s +4s+10

Compare denominators of both
Natural Frequency;

@n> =10 S.n=3.16 rad/sec




Example 3 cont..

Damping Ratio;

4 4
26&)"5 =45 — — =0.633
2 X (n 2x3.16

Damped frequency of oscillations;

@i = @1 - So@a =3.1641-(0.633)* =2.44 rad / sec
Delay Time;

T — 1+0.7& _ 1+ 0.7(0.633) — 0457 sec
On 3.16
Example 3 Cont..
Rise Time;
L A1=&2 L A/1-(0.633)°
g =tan ——— =tan = 0.885 rad
& (0.633)
P B o F=OBE & 55 e
@ (0.244)
Peak Time;
T,,=£=L=I.273 sec
wa 2.44
Settling Time;
7s=4T i ¢ =1.997 sec

~ Zwn  (0.633)%(3.16)




Example 3 Cont..

Maximum Peak Overshoot

YoM, = e =<7 <100

(O.633)r }

o M, — e_ Vi—c0.e33>* " 100

%M[} —_ 7-66%

Example 4

A second order servo system has a unity feedback,

500
G(s)=——
() s(s+15)

Determine;
1. Delay Time
2. Rise Time
3. Peak Time
4. Settling Time
5. Maximum Peak Overshoot

10



Example 4 Cont..

Solution: G(s)= 00 H(s)=1

s(s+15)
Determine the closed loop transfer function

500
C(s) (& . s(s+15) . 500
R(s) 1+GH 4, 500 = s> +155+500
s(s+15)

Compare closed loop TF with standard form of second order system

> o 500

52 4+ 2Ewns + wn> 52+ 155+ 500

By comparing denominators of both
Natural Frequency;
@n® =500 c.oon=22.36 rad/sec

Example 4 Cont..

Damping Ratio;

15 15
C 2xa@m 2x22.36

2&wns =15s o 5 =0.335

Damped frequency of oscillations;

©a = nafl — E2 S0 = 22.36\/1— (0.335)* =21.06 rad / sec

Delay Time;

- _1+07& _1+0.7(0.335)

d =0.055 sec
On 22.36

11



Example 4 Cont..

Rise Time;

1‘\}1_52 L »

P anr ENE S e J1—(0.335)2
< (0.335)

=1.229 rad

= 2 x£—=1.229
@a (21.06)

T, = =0.091 sec

Peak Time;

T T

= =32.73 sec
@d 21.06

Tp=

Settling Time;
-+ -+

= = = 0.534 sec
Seon (0.335)=(22.36)

T = 4T

Example 4 Cont..

Maximum Peak Overshoot

— (=

YoM, — e =<7 <100

(0O0.335) )

oM, — e V13357 100

%M[) —_— 32.75%

12



Example 5

The open loop transfer function of a unity feedback system is,

)= s(s+1)
Determine;
1. Delay Time
2. Rise Time
3. Peak Time
4, Settling Time
5. Maximum Peak Overshoot

Example 5 Cont..

4

Solution: G(s) = H(s)=1
s(s+1)
Determine the closed loop transfer function
..
LSLC D < __Ss(s+1) 4
R(s) 1 + GH foap - s+ 5+ 4
s(s+ 1)
Compare closed loop TF with standard form of second order system
on> . 4
.5'2 -+ 25(0!:.5' + N .S'z + 5 + 4

By comparing denominators of both
Natural Frequency;

-~

an- =4 C.n =2 rad /sec

13



Example 5 Cont..

Damping Ratio;

1 1

= - =0.25
2xXwn 2%xX2

2Ewns = s T

Damped frequency of oscillations;

Wi = @1 - & . wa = 24J1-(0.25)* =1.936 rad / sec

Delay Time;
1 ; i ¢
Ty = +0.7& _ 1+0.7(0.25) — 0.587 sec
On 2
Example 5 Cont..
Rise Time;
el «/1 —(0.25)*
ﬂ:tan"iztan"' ( ) =1.310 rad
& (0.25)
=, T LT s e
@d (1.936)
Peak Time;
Tp= L. =1.622 sec
@d 1.936
Settling Time;
T =4T = . = 8 sec

~ Eon  (025)%(2)

14



Example 5 Cont..

Maximum Peak Overshoot

-2

YoM, — e =< =< 100

(O.25)r

—{ =)
oM, — e VI—©257 100

%M;) —_— 43-26%

Example 6

The open loop transfer function of a unity feedback system is,

G(s)= 2
s(s+5)
Determine;
1. Delay Time
2. RiseTime
3. Peak Time
4. Settling Time
5. Maximum Peak Overshoot

15



Example 6 Cont..

25

Solution: G(s)= H(s)=1
s(s+5)
Determine the closed loop transfer function
25
C(s) G _ s(s+5) 25
R(s) 1 + GFH i 25 s +Ss+ 25
s(s +5)
Compare closed loop TF with standard form of second order system
con” o 25
‘8'2 el 2&(01:5’ -t (z)nz .8'2 -1 SAS' —+ 2-5

By comparing denominators of both

Natural Frequency;

2

@n- =25 S.on =5 rad/ sec

Example 6 Cont..

Damping Ratio;

2 9
B 2 X On - 2x5

2&wns =55 Sl =0.5

Damped frequency of oscillations;

@a = a1 — & .o @d= 5«/1 —(0.5)> =4.33 rad / sec

Delay Time;

L5 B Fs A 0.7(0.5)
On a

Ta = =0.27 sec

16



Example 6 Cont..

Rise Time;
— R /1 —(0.5 <
[ = tan = i = tan '[#] =1.24 rad
'~ (0.5)
==L F—1OF ., asscec
W (4.330)
Peak Time;
Tp = LI 7 = 0.725 sec
d 4.330
Settling Time;
Ts=4T = 4 = 2 =1.6 sec
Ewn  (0.5)x(5)
Example 6 Cont..
Maximum Peak Overshoot
—9q ‘57”'_2}
TGoM, — e =< > 100
(0.5) 7

—
M, = V'O 100

%M/) —_— 16-30%

17



Example 7

The closed loop transfer function of a unity feedback system is,

C(s) 10
R(s) s’ +4s+5

Determine;
1. Delay Time
2. Rise Time
3. Peak Time
4. Settling Time
5. Maximum Peak Overshoot

Example 7 Cont..

Solution:
The given closed loop transfer function is,

C(s) 10
R(s) s> +4s+5

Compare closed loop TF with standard form of second order system

n” . 10

.5'2 . 2§(UII.S' -+ (0"2 .5'2 +4s+ 5

By comparing denominators of both

Natural Frequency;

2

@n- =5 Sooon=2.23 rad/ sec

18



Example 7 Cont..

Damping Ratio;

4 4

2Ewns = 4. L= =
é ’ . 5 2 X wn 2x2.23

=0.896

Damped frequency of oscillations;

Wi = a)m/l - & R YE 2.23,/1— (0.896)* =0.99 rad / sec

Delay Time;
1+ 0. 1+0.7(0.896
d = i) — a7 ) =0.72 sec
On 2.23
Example 7 Cont..
Rise Time;
1— &2 1—(0.896)
ﬂ:tan"'u—‘f—:tan"‘l“/ ( ) 1=0.46 rad
E (0.896)
T, = —B g =Eeo = 2.70 sec
oy (0.99)
Peak Time;
¢ L A . S ) [, PPN
wa  0.99
Settling Time;
T.=4T = 2 t = 2.00 sec

Ewn  (0.896) x(2.23)

19



Example 7 Cont..

Maximum Peak Overshoot

Sy

2

YoM, = e =<7 <100

_(_(0.896)x

T M, = e V1O 100

%M[} —_— 0. 17%

Example 8

The closed loop transfer function of a unity feedback system is,

C(s) 100
R(s) s°+155+4100

Determine;
1. Delay Time
2. Rise Time
3. Peak Time
4, Settling Time
5. Maximum Peak Overshoot

20



Example 8 Cont..

Solution:

The given closed loop transfer function is,

C(s) 100
R(s) sT 4+ 155+ 100

Compare closed loop TF with standard form of second order system

n” o 100
52 4+ 2&ens + n> s7 4+ 155+ 100

By comparing denominators of both

Natural Frequency;

w»> =100 coom =10 rad / sec

Example 8 Cont..

Damping Ratio;

15 15

25&)11.9 =15s .'.5 — B et = 5%10

=0.75

Damped frequency of oscillations;

@Wa = @nf1—E? c.wa=1041-(0.75)* = 6.61 rad / sec

Delay Time;

1+ 0.7 1+ 0.7(0.75)
@n 10

Ta= =0.135 sec

21



Cont..

Example 8
Rise Time;
— &2 \/1 —(0.75)?
[ = tan ' i =tan '[ ( ) 1=0.722 rad
& (0.75)
oy IC — B _z __0'722 = 0.365 sec
@ (6.61)
Peak Time;
P = o DT ST
d 6.61
Settling Time;
Ts=4T = i . 3 =0.533 sec
Example 8 Cont

Maximum Peak Overshoot

e }
oM, = e N =100
(0.75)7
B J1—00.75>2 !
%Mj? = & T >~ 100

ToM;, = 2.83%

22



Example 9

The closed loop transfer functions of certain second order unity
feedback control system is,

C(s) _ 8
R(s) s +35+8

Determine the type of damping in the system.

Example 9 Cont..

Solution:
The given closed loop transfer function is,
_(s) 8
R(s) T s2+3s5+8
Compare closed loop TF with standard form of second order system

o’ 8

.3'2 -+ 25(()::5‘ -+ (0112 .5'2 -+ 35‘ -+ 8
By comparing denominators of both

Natural Frequency; @.” =8 Soon=2.82 rad/sec

Damping Ratio; 2&wns = 3s s E= 5 3 — - ;82 =0.53
X Wn X Z.

Since & <1, it is an underdamped system.

23



Example 10

The closed loop transfer functions of certain second order unity
feedback control system is,

C(s) 2
R(s) s +4s+2

Determine the type of damping in the system.

Example 10 Cont..

Solution:
The given closed loop transfer function is,
C(s) 2
R(s) - sT 4+ 4ds +2
Compare closed loop TF with standard form of second order system
on” 2

.5’2 -+ 25(()}:5‘ -+ (()nz - .8'2 + 4542
By comparing denominators of both

Natural Frequency; =2 cown=1.414 rad/ sec

DampingRatio; ofps=4s &= > 1 = 14414=1.41
X On xX1.

since & > 1, it is an overdamped system.

24



Example 11

The closed loop transfer functions of certain second order unity
feedback control systemis,

C(s) _ 2
R(s) s +2s5+1

Determine the type of damping in the system.

Example 11 Cont..

Solution:
The given closed loop transfer function is,
C(s) 2
R(s) s>2+2s+1
Compare closed loop TF with standard form of second order system

n” 2

.8'2 -+ 2§(¢)n.8' -+ (l)uz o .S'z + 25 +1
By comparing denominators of both

Natural Frequency; o’ =1 C.on=1 rad /sec
Damping Ratio; 2E@ns = 2s SE= 2 = 2 —
2xa)n 2X1

Since & =1, it is an critically damped system.

25



Example 12

The closed loop transfer functions of certain second order unity
feedback control system is,

C(.s')= 2
R(s) s*+4

Determine the type of damping in the system.

Example 12 Cont..

Solution:

The given closed loop transfer function is,
C(sy 2
R(s) s> +4

Compare closed loop TF with standard form of second order system

e n = 2

57 4 2Ens + n sZ2+4
By comparing denominators of both

Natural Frequency; wn®> =4 C.om =2 rad /sec

Damping Ratio; 25(0"5. =0 - éz =0

since & =0, itisan undamped system.

26



Type of System

The open loop transfer function of unity feedback system can
be written in two standard forms: the time constant form and
the pole-zero form.

_ K(S+z21)(S+Z2)oieiiiininnnnn.

G(s)
s"(s+pD(s+p2)

(Pole-zero form)

[ 48 AR Y & L) F—

G(s)
sS"A+Tpls)A1+Tp2s)en.....

(Time constant form)

Type-0 (Zero) System
Definition: A control system with no integration in the open

loop transfer function and no pole of transfer function G(s) at

the origin of s-plane is designated as "Type-0 ” system.

CKO+T215) 1+ T 228).ccnrroe
(4T pLs)L+T P2,

G(s)

(Standard form)

An amplifier type control system is a practical example of
Type-0 system

27



Type-1 (One) System
Definition: A control system with one integration in the

open loop transfer function and one pole of transfer function

G(s) at the origin of s-plane is designated as “"Type-1 ”
system.

Gsy = KAHT 214 T228).0oe
L SUATPL)A+T P2,

(Standard form)

An pneumatic type control system is a practical example of
Type-1 system

Type-2 (Two) System
Definition: A control system with two integration in the

open loop transfer function and two pole of transfer function

G(s) at the origin of s-plane is designated as “Type-2 ”
system.

_K(+Tz1s)A+T 225)....c............

G(s
®=Fds1 pIS)A+T P25) oo (Standard form)

A mechanical displacement system is a practical example of
Type-2 system

28



Derivation of steady state error

The steady state response is important to judge the accuracy
of the output. The difference between the steady state
response and desired reference gives the steady state error.

R(S) g E(s) C(s)

B(s)

For given figure,

E(s)=R(s)—B(s)
But
B(s) = C(s).H(s)

E(s) = R(s) — C(s).H(s)

But C(s) =G(s).E(s)

E(s) = R(s) — G(s).E(s).H(s)
R(s) = E(s) + G(s).E(s). H(s)
R(s) = E(s){1 + G(s).H(s) }

R(s)

E(s)=———
1+ G(s).H(s)

Derivation of steady state error

In time domain,
e(t)=L" E(s)

and is the expression of error
valid for all time. Steady state
error is defined as,

e.\'.\‘(t) — lim e(!)

From the final value theorem in
Laplace transform,

8\\(t) = lir{)lSE(S)

Steady state error,

ess(t) = ]‘i m sE(S)

50 1+ G(s) H(s)

29



Steady state error & Standard test signals
Steady state error for step input:

A step input of magnitude A is applied,

r(t) = A. u(t) t>0
=0 t<0

Taking Laplace transform,

R(s) = L{r(D} =L{A}=%

Steady state error,

an{es B>
s—0 1+ G(s)H(s)

Steady state error & Standard test signals

t tat rror for st in t:

A

5 —

ess(t) = im -
£50 1+ G(s) H(s)

A A
9&\(t) - ll m
s—0 1 4+ G (s) H(s)

A
e\\(t) - n
1+ lﬂln('} G(s) H(s)
e\\(t) = A
1+ K,

30



Steady state error & Standard test signals

Steady state error for step input:
The position error constant Kp of a system is defined as,

K, = ]_ing G (s).H(s)

When a step input of magnitude A is given, in response to
this gives e, (t) = steady state error

P

C(t) Ar

A

A U/\Uh "~——: ess(t} — T-+Ak_;

L d

Steady state error & Standard test signals
S te error for ramp input:

A ramp input of slope A is applied,

r(t) = At t>0
=0 t<0

Taking Laplace transform,

R(@) = L{r(D) = L{At) = =

Steady state error,

aulB=ditn SR(s)
s=0 1 +G(s) H(s)

31



Steady state error & Standard test signals

t rror for ramp input:
A

Ry

ess(t) = lim .
s=20 1+ G(s) H(s)

A

e.-;\'(t) = lim 3
>0 1+ G(s) H(s)

_ A
e\\(t) = llln
s—0 ¢ 4 SG(S) H(S)

A A
s(t) = — —
— 0+ 1im sG(s) H(s) e i

Steady state error & Standard test signals
Steady state error for ramp input:

The velocity error constant Kv of a system is defined as,
K = l_i_n(l) sG(s).H(s)

32



Steady state error & Standard test signals

S te error for parabolic input:

A parabolic input of slope coefficient A/2 is applied,
) =2 t>0
=0 t<0
Taking Laplace transform,

3

R(s) = L{r(D}=L{2 23 A
2 5

Steady state error,

= Tt e 3)
=0 1+ G(s) H(s)

Steady state error & Standard test signals

te error for parabolic input:

A
AY —q
ess(t) = lim S
s—0 1 4+ G(s) H(s)
A
es(t) = lim S

s=0 1+ G(s) H(s)

; A

e\.s(t) — llm > >

50 g7 + §7G(s) H(s)
A

e\.\(t) - - >
0+ I‘lrl(‘)lS‘-G(S) H(s)

A
éss(t) = —
( ) Kll

33



Steady state error & Standard test signals
t t

The acceleration error constant Ka of a system is defined as,

rror for par lic input:

K. = ljng.sz(s).H(s)

Clt) f

ihs

ess=ki
a

Steady state error & Standard test signals

Summary:
Ak Ir.\put Stesidy State Constant Constant Expression
No. | Signal Error
A Position .
1 | R e Error K» =1imG(s). H(s)
Input = 50
1+ Kp Constant
Velocity .
2 | Rame | A Eror K. =1lim sG(s).H(s)
Input ess(t) = 50
v Constant
Parabalic A | Acceleration . 5
3 Tttt e.\'.v(t) = ? Error K. = ]‘.IE;I(} RY G(S)H(S)
P = Constant i

34



Relation between steady state error
& Type of system

The type of system means the number of poles G(s)H(s) at
s=0. Consider the general form,

K1+ Tis)(1+Ta2s)................(1+ Tms)

G(s).H(s) =
S"(I+Tas)A+Ts8).ccccucenneee.(14+Ths)

Here there are n poles at s=0. Hence the type of system is n.

Steady state error for step input
& Type 0 system

For type zero system, n=0

KA+Ti8)1+T28)orueeeee(1+ Tms)
(1 +Tas)1+T5S).coeenn......(1+ Ths)

G(s).H(s) =

The position error constant is given by,

K, = l_in{} G(s).H(s)

. KA+ T18)A+T28)eeen... ( + Tns)
Kp =lm
=20 (I+Tas) A1 +TeS)eeeieannnnn.. (1+Thas)
K, — KA+Ti0O)A+T20)..cueeeeee..(I+Tm0)
(A+T.0)(A+Ts0).uuueneneeno. (1+Ta0)

35



Steady state error for step input
& Type 0 system

K, = KMD)@)..oooueeeee. )]
L8| Rme——
Ku - K

The steady state error is given by,

A

ess(t) =
©® 1+ K»

A

e.\:\'(t) =
1+ K

Steady state error for step input
& Type 0 system

A
es(t) =——
© 1+ K
A type zero system has a finite steady state error to a step
input ,
C(t)
A C(t)
F 3
‘ [For Type 0] ‘
A ¥ //\ /\ v

> {

1‘955=%k_,; J U \-Te

Ss

>t

36



Steady state error for step input
& Type 1 system

For type one system, n=1
G(s).H(s) = KA+Tis)(14+T28)ccceeeeeeeeec..(1+ Tws)
S(1+Tas)(14+Ts8)ceeneece (1 +Thas)

The position error constant is given by,

Ky =1im G(s). H(s)

. K(+Tis)(I+T28)cccuunnnn..... (1+Tms)
Kp =lim
520 §(1+TasS) I +TrS)cecveeinene..(14+Ths)
SR TON T2 sl Tm ()
(1+Ta0)

T 0+ Tu0)A+Ts0)ee......

Steady state error for step input
& Type 1 system

5 = K)(D.eeueaaaeeeee. ()
(0]
Kp = Q0
The steady state error is given by,
A
55 t —
e=O=115
e.v.v(t) = L
14+ o0
es\(t) =0

37



Steady state error for step input
& Type 1 system

e,\'.\‘(t) =0

A type one system has a zero steady state error to a step
input ,

C(t) C(t)
IF A
[For Type Higher Than 0] /\
A \ i/\ ) A ess
J ¥, i +
>t >t

Steady state error for step input
& Type 2 system
For type two system, n=2

KA+Tis)(1+T28)ccceeeeuceeeecc(1+ Tms)

G(s).H(s) = —
ST(I+Tas) 1 +Te8)ueeeanenee.. (1 +Thas)

The position error constant is given by,

K, = l_in(} G(s).H(s)

- KA+TiS)A+T28) e (14" Tis)
Kp = lim 5
s20 8 (1 +Tas8)A+Ts8)ucieieenee (1 +Thas)
x, _ KA+Ti0A+T20)...ccooooe...(1+Tn 0)
Y 0A+TOA+T0)...nnnnnnnn(L+Ta 0)
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Steady state error for step input
& Type 2 system

K@d................D

Ky = o

Kp = o0
The steady state error is given by,

A
éss(t) =
® 1+ K
ss(t) =
ce(o) 1+ o0
e;.»(t) =0

Steady state error for step input
& Type 2 system

e.\'.v(t) =0
A type two system has a zero steady state error to a step
input ,
C(t) C(t)

IF A

[For Type Higher Than 0] /\\
[ o\
f -1 A

39



Steady state error for ramp input
& Type 0 system
For type zero system, n=0

G(s).H(s) = K(+Tis)(1+T2s).......ccccccc. (1 + Tim8)

(l+TaS)(l+TbS) ................ (1+TnS)

The velocity error constant is given by,

K. = l{n(} sG(s).H(s)

K\} = ].imS{ K(l +TIS)(I+T2$)...-..-.-.......(1 +TmS)
s—0 (A+Tas)I+Ts8)ecuceenaannnne. (1 +Ths)
Km0l K(+Tis)(1+T28)ccccceeceeccc.(1 4+ Tus)
(T a8 (LT 58, seeinmse(l£ Ta8)

Steady state error for ramp input
& Type 0 system

K. =0
The steady state error is given by,

e\\(t) = a

A
e“(t) = ‘6‘
e.m‘(t) = 0O

40



Steady state error for ramp input
& Type 0 system

e.\'s(t) = 00

The error increase continuously hence type zero system fails
to track a ramp input successfully.

C(t)4 }

Steady state error for ramp input
& Type 1 system
For type one system, n=1

G(&):-H(E) = K1+ Tas)(l+Ta28)..unawn(l+Tas)

SAI+Tas)(I1+TsS)ecccuenueeee..(1+ Ths)

The velocity error constant is given by,

K = l_irr(} sG(s).H(s)

K‘:limS{K(HT.s)(HTzs) ................ (1 + Tums)
550 " (1 +Tas)A+T5S)errrron(1+ Ths)

k. — KA+T0)A+T20)...............(1+Tm0)

T A+ TdO)A+To0)cnnnn....... 1+ Ta0)
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Steady state error for ramp input
& Type 1 system

K\'=K

The steady state error is given by,

€ss (t) =

2
A
Css(t) = —

(9] X

Steady state error for ramp input
& Type 1 system

A
Ess(t) = —
(9] X

This indicates finite steady state error for type one system
for ramp input

C(t) T .

/v\ess:—k—

>t
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Steady state error for ramp input
& Type 2 system

For type two system, n=2
KA+Tis)(1+T28) . (1+ Tms)

G(s).H(s) =
(s).H(s) SZ(L+Tas)1+TsS)cecuceeeeeeec (14 Ths)

The velocity error constant is given by,
K. = lin(a sG(s).H(s)
s—0

K. — lims{lf(l—%—Tns)(l +T28)ciciiccccce. (1 +Twms)
520 g (1 +Tas) A +ToS)cceieeannen. (1+Ths)
K1+ T18)(A +T 28)iicsssssscinscnd(l + TmS)
S(I1+Tas)(I+Ts8)uccunnnnncc (1 +Ths)

Steady state error for ramp input
& Type 2 system

K:.:w

The steady state error is given by,

A
ss(t) = —
ess(t) = -
e.\.\(t) —_— ﬁ
o0

e'n(t) == 0
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Steady state error for ramp input
& Type 2 system

e.s'.\‘(t) =0

There is no steady state error for a ramp input for type two
system

C(t) 4

Steady state error for parabolic input
& Type 0 system

For type zero system, n=0
K(A+Ti1s)(1+T28)ccccceeeceec.(1+Tms)

G(s).H(s) =
(s) (s) (I1+Tas)A+TosS)cccninnnnnn... (1+ Thas)

The acceleration error constant is given by,

K. = ]in(‘)nszG(s). H(s)

Ko 1lim 52 (KA T1A+T28). o (14 To)
Rl A+ Tas)A+TsS)ccccceuereeenec(1+Thas)
Ko 0 (KA+TIDA+T28)..0s . (L+ Tns)
(A+Tas)A+Ts8)cccecicnnnnnns (1+ Tas)
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Steady state error tfor parabolic Input
& Type 0 system
K.=0
The steady state error is given by,

e,\'.\'( t) .

ol &>

Ess ( t) =

e;\(t) = 00

There is infinite steady state error indicating failure to track
a parabolic input in type zero system

Steady state error for parabolic input
& Type 1 system

For type one system, n=1

Gs). H(s) = KA+Ti8)1+T28)ccueeeuennee(1+ Tms)
SA+Tas)(I+TsS)cecuieeeeeene.(1+ Thas)
The acceleration error constant is given by,
Ka= l_in(}SQG(S). H(s)
o limsz{K(l +Ti8)(1+T28) e (1 +Tws)
s—0 S0+Tas)1+Tr8)ceeuueeeeece.(1+Thas)
K. =0 ><{K(l +Ti18)(A+T28).ccccceeeccc..(14+Tms)
(l + TuS)(] + ThS)................(l + TnS)
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Steady state error tfor parabolic Input
& Type 1 system

K.=0
The steady state error is given by,
C(t) A
— A eS‘S_‘>OO
ess(t) = 3 /ess f*_
A
Css(t) = —
9 o
- t
e“(t) = OO

There is infinite steady state error indicating failure to track
a parabolic input in type one system

Steady state error for parabolic input
& Type 2 system
For type two system, n=2

KA+Ti8)A+T28)umeeennnnn. (1+ Tms)

G(s).H(s) = =
ST(I+Tuas)A+T5sS)ceucenannnn... (1+ Thas)

The acceleration error constant is given by,

K =1ims*G(s). H(s)

' > K(+Tis)(1+T28)cucueeueeec.(1 +Tus)
Ki=lims {—
550 S+ TaS)L+T5S8) oo (L + Tas)
. — {K(l+T|s)(l+Tzs)................(l+Tms)
: G S T S (1 +Tas)

46



Steady state error tfor parabolic Input

& Type 2 system

KrzK

The steady state error is given by,

€Css (t) ==

en(t) -

SN

C(t) 4

1]

There is finite steady state error for type two system

Relation between steady state error

& Type of system

Summary:
Step Input Ramp Input Parabolic Input

Sr. Type of
No. System

l(P ess I(V ess I(a ess

A

1 Zero K ok 0 cO 0 o0
2 One O 0 K % 0 oo
3 Two ®.0) 0 o0 0 K %
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Example 13

The control system having unity feedback has,

20
s+ 4s)(1+5)

G(s)=

Determine
1. Different static error coefficients.

1
2. Steady State errorifinput r(t)=2+4t +5

Example 13

Solution:

Position error constant,

K, = l_in(} G(s)YH (s)

K]J = lim 20

s—=0 (1 4+ 4s)(1 +5)
Kp — =0

Ol +4s)(1+ )
Kp = oo

Cont..
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Example 13 Cont..

Velocity error constant,

K. = lAin(‘} sG(s)H (s)

K. =1lim s| =0 1
s—0 s(1+4s)(1 +5)

K\' == 20
A +4s)(1+ 5)

K. =20

Example 13 Cont..

Acceleration error constant,

Ki=1ms G(s)H(s)

s—0

K.=1lims”[ =0 1
50 s(1+4s)(1+ 5)

20 ]
s(1+4s)(1 + 5)

Ko =0[

Ku =0
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Example 13 Cont..

Steady state error, for  ,(1) =2 +4r + %

2 e 1
R(s) =L{r@)} =—+— 5
Y Ay Y
Steady state error is given by,
. sR(s)

ess — 11

s—=>0 1 + (G(s)H (s)

S[E—i— 4; —+ 1‘]
13 RS 5= R
ek = 20
1+
s(1 +~4s)(1 + %)
Ess — OO

Example 14

The control system having unity feedback has,

G(s) = 50(32+ 5)

Determine

1. Different static error coefficients.
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Example 14 Cont..

Solution:

Position error constant,

K, = l‘in{‘} G(s)H (s)

) NS
5—»0 o=
e 2 DOCS=HS)
0)~
K[: - OO

Example 14 Cont..

Velocity error constant,

K. = l_in(“)n sG(s)YH (s)

K., =1lim S[M]
5 —»0) Ry
K. =1lim SOCF D
5 —0 Ry
K, =290 +3)
O
K\' = OO

o1



Example 14 Cont..

Acceleration error constant,

Ko =1im s’G(s)H (s)

A P ok i)y
s—0 Ky
Ko =1m50(s +5)
Ku - 250
Example 15
The control system having,
20 10
G(s) = > H(s)=——
s(s“+2s+5) (s+4)

Determine
1. Different static error coefficients.

t
2. Steady State error if input r(1)=5+10r+ ey
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Example 15

Solution:

Position error constant,
K, = l‘inp) G(s)YH (s)

Kp —_— liln 20

Cont..

10

>
s=0 s(s*+25+5) (s+4)

szw

Example 15

Velocity error constant,

K = l_in(} sG(s)H (s)

Cont..

10

>
5—0 s(.s'z +25+5) (s+4)

K, =1lim s[ =9
K, =290

20
K\- — 10
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Example 15 Cont..

Acceleration error constant,

K. =1lim s*G(s)YH (s)

K.=1lms’[ =0 0

=<
5—0 s(s2+25+5) (s+4)

20 sz 10
(s°+25+5) (s+4)

KH - 0[

Ku=0

Example 15 Cont..

Steady state error, for (1) =5+107+ ’5

R(s)=L{r@)} = E + 2 B 1.‘
Y T

RS A

Steady state error is given by,

. SR(Cs)
ess = lim
s=>0 1 + G(s)YH (s)

5 10 1
s[l—+—5+—1
TR | S & &7
. e 20 10
1+ = > ]
s(s™+2s5s+5) (s +4)
Ess — OO
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Example 16

The control system having unity feedback has,

201+ s)
s2(2+ s)(4+ s)

G(s)=

Determine

1. Different static error coefficients.

2. Steady State error if input r(t) =40+ 21+ 5¢°

Example 16

Solution:
Position error constant,
Ky, = l_in(} G(s)YH (s)

Ky — lim — 200+ 5)
50 §2(2 + s)(4 + 5)

B 20(1 + 5)
02 (2 4+ ) A+ )

vl

Kr;zw

Cont..
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Example 16

Velocity error constant,

K. = l_il’l(’} sG(s)YH (s)

i e D 5D

s=0 2 (24 )4+ 5)

K = lim][ 201 + )
520 (2 4+ 5)(4 + 5)

K\'=w

Cont..

Example 16

Acceleration error constant,

K. =1ims G(s)H (s)

5—0

e Sz[ ; 2001 + )
5—0 ST(24+ )4+ 5)

s il 201 + )
s20 (2 4+ 5) 4+ 5)
Kﬂ - g
2

Cont..
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Example 16 Cont..

Steady state error, for »(r) = 40+ 27 + 5¢°

R(s) =1L{r()} =£+£,,+ l?
A A A

Steady state error is given by,

: sR(s)
ess = lim
=0 1 + G(s)H (s)

40 2 10

sl— 4+ —5 +—-1
ess = lim Y A A
=0, ’ 201 + s)
S22+ s)4+5)
Ess = 4

Example 17

The control system having unity feedback has,

_ 20(s+1)
s(s+2)(s* +25+2)

Determine
1. Different static error coefficients.

2. Steady State errorifinput (1) =10+ 20t
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Example 17 Cont..

Solution:

Position error constant,

Ky =lim G(s)H (s)

Kp = lim 20(5;4_1)
5—0 (5 +2)(s° +25 +2)
20(s + 1)
Kp - >
O(s +2)(s™ + 25 +2)
Kp = oo

Example 17 Cont..

Velocity error constant,

K, = l_in(} sG(s)H (s)

y A L =G
5—>0 S(s+2)(s"+25+2)

K. =lim[ =S~
=0 (s 4+2)(s"+254+2)

K|'=5
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Example 17 Cont..

Acceleration error constant,

K.=1ms G(s)H(s)

5—>0

K. =1lim s7[ 2 Ot
520 S(s+2)s"+25+2)

. 20(s + 1)
= lim s[ 5
s—>0 (s+2) (s +25+2)

Steady state error, for (1) =10+ 20r

R(s)=IL{r(1)} = m -+ 29
Y 3

R

Steady state error is given by,
) SsR(s)
ess = lim
520 1 4+ G(s)H (s)

410 29,
2oy — 1 5 S
e = e 20(s + 1)
S(s+2)s" +25+2)
Ess — 4

Example 17 Cont..
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Example 18

The control system having unity feedback has,

Gl = 20(s +4)

s(s+2)(s* +2s+2)

Determine
1. Different static error coefficients.

32
2. Steady State errorifinput (1) =61 +Er'

Example 18

Solution:

Position error constant,

K, = l.in(} G(s)YH (s)

. 20(s +4)
K; = lim >
50 (s 4+2)W (s +25+2)
20(s +4)
K]} - >
O(s+2)(s™ +25 +2)
KI’ _— O

Cont..

60



Example 18 Cont..

Velocity error constant,

K. = l_irt(} sG(s)YH (s)

Ko = lim [ =O(sv<h)
50 “g(s+2)(sT+25+2)

K. = lim[ 2()(.:' +4)
50 (S . 2)(.s" + 25 + 2)

K\' - 20

Example 18 Cont..

Acceleration error constant,

Ko = l_ing sTG(sYH ()

Ko =1lim s°[ 20(‘2"‘" )
5—0 S(s+2)(s°“+25+2)

K.=1lims[ 20(‘5 )
s=0 (s 4+2)s*+25+2)

Ku=0

61



Example 18 Cont..

Steady state error, for r(1) = 61+ %rl

6 3
z 7 o3
s RS

R(s) =LA{r(2)} =

Steady state error is given by,

. SR(s)
ess — lim
=0 1 + G(s)H (s)

(&) 3
As'[? -+ s-:‘ ]
et s 20(s + 4)
SO = 2" Do == 2
Ess — OO

Example 19

The open loop transfer function of servo system with unity
feedback is,

10

G =S0155D

Determine

1. Different static error coefficients.

az ,
2. Steady State error ifinput  r(1)=ao+ai i
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Example 19 Cont..

Solution:

Position error constant,

K, = lAin(} G(s)YH (s)

K'P —_ ]imL
s—=0 g(0.1s + 1)
K, — 10
O0(0.1s + 1)
Kp = oo

Example 19 Cont..

Velocity error constant,

K. = l_ing sG(s)YH (s)

K. =1lim s[ 2O
50 s(O.1s + 1)

. 10
Iim][ _
s—=>0 (O.1s + 1)

K. =10
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Example 19 Cont..

Acceleration error constant,

Ko =lm s> G(s)H (s)

Ko=1lim s7[ L
s—0 s(O.1s + 1)

Ko=lims[——2
+—>0 " (0.1s + 1)
a — 0

Example 19 Cont..

Steady state error, for  r(1) = ao+au+ % T

clo i az

R(s) =L{r@)} = —

.2 3

RY Ry

Steady state error is given by,
] SR(s)
Ess — llm
50 1 4+ G(s)YH ()

o i a2

s e — e ——1]
oo — 13 RS s K
=l 10
1+~ —
s(O.1s + 1)
Csxs — OO
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Example 20

The open loop transfer function of servo system with unity
feedback is,

10

G =09

Determine
1. Different static error coefficients.

2. Steady State errorifinput (1) = a0+ ait + aat’

Example 20 Cont..

Solution:

Position error constant,

Ky = lim G (s) H (s)

T e i —
>0 §2 (14 5)

A . .
02(1 + )

K[; = OO
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Example 20 Cont..

Velocity error constant,

K. = l_in(l) sG(s)YH (s)

Kemilisn e
5 —»0 .S— (1 —f S‘)
=5

s—=0 ¢(1+ 5)

K\'zw

Example 20 Cont..

Acceleration error constant,

Ko = l_in(l) sTG(s)YH (s)

K. —=1lim .s-'-’[#]
s—>0 s (1 + 5)
e ol &

5 —»0 (1 —+ 5-)

K.=10
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Example 20 Cont..

Steady state error, for (1) = ao+ ait + azt>

o cr 2cz
+ — =
5

R(s) = L{rD} = -

Steady state error is given by,

. sR(s)
ess = lim
>0 1 + G(s)H (s)

1o cr 2ci>
s . -+ o2 —+ o> 1
ess = lim * . >
= e 10

s (1 + s)
a2
Ess — —
s

Example 21

A unity feedback system is characterized by the open loop transfer
function is,

1

Gls5)=
5(0.5s +1)(0.25+1)

Determine steady state errors for unit step input, unit ramp
input and unit acceleration input.
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Example 21 Cont..

Solution:
Position error constant, ~ &Kr =M G(s)H (s)
1

K’) — lim
520 5(0.55 +1)(0.25 +1)

Kp=<x>

Steady state error for unit step input is given by,

1
ess(t) =
® 1+ Kp

1
1+ oo

[ (t) =

ess(t) =0

Example 21 Cont..
Ky =1im sG(s)H (s)

Velocity error constant,
1

5 —>0

KI' == I
Steady state error for unit ramp input is given by,

("A\.\(l) = L

K.

1

ess(t) = —
() "

Ess (t) =1

K. =1lims[ 1
s(0.5s+1DH)(0.2s5+1)
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Example 21 Cont..

Acceleration error constant, K. = lim s>G(s)H (s)
s—>0

1

K.=1lim s?[ 1
s—0 s(0.55 +D(0.2s5s + 1)
Ku = 0

Steady state error for unit parabolic input is given by,

1
es(t) = —
K(l

1
ess(t) = —
: (0]

(’\,\(l) = o0

Summary

» Time response specifications
» Steady state error

» Relation between steady state error and type of
system.
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